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Abstract 

This paper proposes a new method for valuing a major public investment project, the construction of new seaport quays. The method allows also the study and determination of the optimal time to begin the investment. The methodology is being applied to the particular case of Sagunto Port (Valencia). 


Such a project needs long-term investment, and its valuation must consider many factors. The valuation of a port project requires tools of analysis able to collect and systematize the future uncertainty involved in the project, which is present in the evolution of the problem variables. Valuation is difficult and must take into account the large number of state variables (traffic variables), the cash flows function characteristics, and the implicit real options in the investment decisions.

To solve the problem of valuation and choice of the optimal time to invest we propose a new method based on an algorithm, which adds stochastic processes simulation and discrete scenario space generation. This method takes into account inherent uncertainty on the future and the resulting options, and offers results more precise.

The algorithm not only allows us to approach the given problem but also it can be applied to another problems with similar characteristics. 

1. Introduction

This paper proposes a new method for valuing a major public investment project, the construction of new seaport quays. The method allows also the study and determination of the optimal time to begin the investment. The methodology is being applied to the particular case of Sagunto Port (Valencia) 

The growing regional economy in the influence area of the port requires new port facilities, and since an Autonomous Organism depending on the State manages each port of the Spanish Port System, the main objective of the port managers is not only obtaining profits, but also offering public services. So, the objective of profits is tempered by social and political factors such as regional development, social policy, etc.

The construction of new seaport quays needs long-term investment, and its valuation must consider many factors. The valuation of a port project requires tools of analysis able to collect and systematize the future uncertainty involved in the project, which is present in the evolution of the problem variables. This valuation is difficult and must take into account the large number of state variables (traffic variables), the cash flows function characteristics, and the implicit real options present in the investment decisions.

A decision that the public manager will face is the choice of the optimal investment time. Although the criteria for taking such a decision depend on the manager's purposes, they usually tend to achieve self-finance but keeping also their own public perspective, which involves responsibilities for developing regional economy, covering social needs, heeding public and private maritime traffic demands. Finally, the project managers could face another type of decision, for instance, as in the Sagunto’s project, which ratio public-private investment would be optimal from their point of view, etc.

The classical methods for firm investment valuation such as the Net Present Value (from now on, NPV) do not work accurately in this kind of projects because the firm managers could adapt and review their decisions in response to the market behavior, changes in social facts, etc., and these methods do not take into account these reviews.

Given the special characteristics of this kind of projects, here we propose a new algorithm for valuing a project and decide the optimal investment time. This algorithm combines stochastic processes simulation (a kind of Monte Carlo simulation) and discrete scenarios spaces generation, so that, it allows us to approach difficult problems that cannot easily be solved with the classical multinomial trees or the partial differential equations simulations (classical tools in problems with a few number of variables). (CA01,DP94,P91,T96).
2. Description of the problem

Our study deals with a port already operating, with an approximated traffic volume of four million tons of about thirty different goods, mainly related to iron and steel industry. Picture 1 shows the current structure of the port. 

[image: image97.wmf]
The three operative docks that support the port traffic are called North dock, Central dock and South dock. It also operates a jetty, specializing in unloading mineral. We have grouped the various traffics according to the Port Authority guidelines in order to simplify the model. With respect to the port tariffs, we have studied their evolution in order to apply a kind of mean value to the aggregated traffics. The result of this process is also shown in Picture 1. 

Due to the increase in services demand during the last years, the Port Authority has developed a project consisting in the construction of new seaport quays with an investment valued approximately in 100 million €. The main features of this project as well as the decisions involved in the process are the following:

· It consists of three stages. Each stage means constructing and bringing into operation a new quay. It will be referred to these three quays as NN, W and NS.

· NN will be constructed before the other two and it includes most of the infrastructure of dredging and breakwaters necessary for all of them to be operative. We assume that the investment time of NN has already been decided, being financed entirely with public capital. Decisions concerning the other two quays will take place later on time.

· For quays W and NS, the authority can decide to construct both, only one of them (the most suitable), or none. We will assume that the period of time for taking such a decision will be of T years, one of the quays being financed 100% with public capital while the second one would admit a shared public-private investment whose optimal percentage should be determined.

· The traffic of goods is redistributed among the already existing structures and the new docks. Each quay specializes in certain type of goods and usually two different quays never share the same good. The construction of one quay determines the distribution of the goods between the existing quays, and this fact will determine the cash flows generation corresponding to the given quay.

· Once a new dock is operative, we consider a period of K years for calculating the net cash flows that the dock generates.

The distribution of the traffics will be done according to the scheme of Picture 2 where the new variable 
[image: image1.wmf] modelizes the containers resulting from the surplus in the Valencia Port. This is because the project of the Authority Port is spezializing the New South Dock in containers.

[image: image98.wmf]
Our study will approach two different questions: one, the optimal investment time decided for each of the two optional quays, W and NS; two, the valuation of the project. A good study of the question would supply the following information:

· Optimal investment time for each of the optional quays, or if it is better not to construct one of them (or both)

· Total value of the project, once the optimal sequence of investment has been established.

3. Proposed method 
As we mentioned before, the classical methods for firm investment valuation such as the NPV do not work accurately in this kind of projects. These are not flexible methods and the bigger the uncertainty, the bigger the obtained error when the classical methods are used. 

In order to improve the valuation of our problem we introduce the use of stochastic mathematic tools, which will allow us to construct a series of scenarios and to calculate what we will call the Stochastic Net Present Value (from now on, SNPV). This is a more dynamic measure that can approximate more accurately the value of the project, but also in this case the SNPV could also be negative and according to it the managers could decide to abandon the project.

The algorithm developed by us to calculate the SNPV has as one of the mean features the construction of what we have called scenarios space. The scenarios allow us to know more about the traffic behavior at each moment of time, as well as to give some kind of risk measure. Finally this method will let to calculate the SNPV associated with each scenario and the SNPV associated to the new quay. All this supplies to the managers some tools that can be very useful in order to take decisions. 

On the other side, this method allows the managers take into account and valuate other options avoided when classical methods are used. For instance, the decision to abandon the project definitely could be review if it would exist the possibility to delay the project and invest when the conditions improve. This fact introduces the optionality in the problem. When managers think in this way they are introducing the idea of a Real Option, this is, in any moment of time (we can consider a discrete set of times) inside a time interval, the managers can invest (if it worth’s) or delay. In the last moment of time the managers invest or abandon the project. These arguments will add some value to the project.

In a real option point of view there exists two aspects to be emphasized:

· It adds flexibility to the calculation of the SNPV and it gives a quickly response in front of future market variations. The option solves the irreversibility problem and gives a wide range of strategy opportunities to the future. Given that the option has a value in each moment of time, if this value is bigger than the cash flows less the investment, it will recommend delaying the investment. In any case, the option adds value to the project, the optionality value that increases with the uncertainty.     

Following [T96] we can write Extended NPV (NPVE) = (S)NPV + Flexibility option value
· Some times, when great future variability is expected, the most important thing is not the immediate investment value but the investment opportunity value. This value could be very big some times. In a formal way it could be said that this investment opportunity value is equivalent to a call  (financial) option.

The early investment (before the last possible exercise time) implies to sacrifice the expected option value. The lost of this option involves an additional opportunity cost. The NPV must be not only bigger than zero but also bigger than this opportunity cost.

To this cost we can add other costs as the one of delaying and wait for new information, which can imply that other firms enter to the market. This cost must be evaluated through the sacrifice of immediate benefits. In the solution proposed to our problem, when a delay is assumed, we will introduce this as a penalty in the simulated port traffic paths. 

In the following subsections we describe the mathematical model proposed for solving the given problem concerning one infrastructure. The description is so general that properly combined it could be applied to model any investment project with the features mentioned above.

To face the problem of valuating the project and deciding the optimal investment time we will reply questions as the following: 

· How to simulate the future traffic of goods evolution and obtain what we call the scenarios in each moment of time?

· Which are the suitable control variables to obtain the SNPV?

· When is it worth to invest? Can we obtain any risk measures?
·  Which are the options of the problem? 
Now on we go through these questions, step by step.

3.1 Traffic paths and risk measures

The future evolution of the goods traffic must be modelized via a mathematic tool, which, by joining the expert expectations and the existing randomness, allows us to obtain information about the traffic level reached in a future time. The diffusion processes are the most used tools for this kind of modelization. In our case the state variables of the problem are the traffic of goods, denoted by  Ni(t), j=1,…q  (each Ni will denote a class of traffic: containers, iron reel, …) and we will assume each of them evolves as a stochastic diffusion process, in particular a diffusion process of reversion to the mean, according with the time series about traffic of goods facilitated by the Port Authority [AP99]:

dNi(t)=(i(Ni,t)dt+(i(Ni,t)dwi

that in discrete time is given by

Ni(t)=Ni(t-1)+(i(Ni,t)(t+(i(Ni,t)(z,

being
· (i(Ni,t)=ai(bi-Ni(t-1))  the deterministic term which describes the variable trend considered suitable by the experts. In this case it is an increasing trend with rate a, until a mean level b, around of which it begins to swing.

· (i(Ni,t)(z, con  (z =(((t)1/2 a Wiener process, the stochastic part that disturbs the above trend in a random way. This disturbance is controlled by a factor, function of time, which modifies its intensity. (i(Ni,t). Usually it appears as a value or percentage times Ni(t-1), and it is called the process volatility, ((t)1/2 makes the disturbance proportional to the square root of the passed time, instead of  (t as in the trend. In this way its effect is softened.
At the moment of time ( when the construction of the studied quay has been finish and the quay becomes operative we built, as one of the main contributions of this paper, the scenarios space 
[image: image2.wmf], from a Monte Carlo simulation obtained with the diffusion processes. The scenarios space has a probability distribution associated to it. 

The scenarios space increases the available information about the traffics Ni, i=1,...,q  behavior. For the generation of the scenarios space we use a kind of Monte Carlo method as follows:

· At the initial time, from the initial data, given up by the AP, we simulate N stochastic path of each state variable (each traffic of goods) Ni, i=1,2,...,q, using Monte Carlo simulation, from the initial time to time (. We built the histogram associated to the values 
[image: image3.wmf]((), j=1,2,...,N,  with a suitable number r of steps.

· We obtain, for each traffic of good, the r values which are the mean point of the intervals in the histogram. We denote them as 
[image: image4.wmf] i=1,2,…,q.  We associate to each mean point the probability given by the relative frequency of the simulations belonging to the corresponding step of the histogram.  

· A scenario at time (, 
[image: image5.wmf], is defined as a q-dimensional array, being each coordinate one of the r representatives of each one of the q histograms. Mathematically we are calculating the Cartesian product of the q spaces


[image: image6.wmf]
· The scenarios space at time (, 
[image: image7.wmf],  is defined as the set of the rq elements of the previous Cartesian product.

· We obtain a probability distribution on the scenarios space by assigning to each scenario (a q-array) the probability obtained as the product of the probabilities corresponding to each of its components. So we get a q-dimensional scenarios space at date (, 
[image: image8.wmf], as well as a probability distribution on it, denoted by ((.

This scenarios space allows us to consider, at the time of the new quay starting up (time () a great number of possible starting points (each one of the scenarios) for generating new underlying sample paths, each one with an associated probability. Their importance lies in the possibility to describe each scenario as favorable or unfavorable depending on the values of some variables.

If the quay has a lifespan of K years, it is possible to calculate the SNPV (Appendix 1) for each scenario 
[image: image9.wmf]. The sum of these SNPV, weighted with their corresponding scenario probability, gives the expected value and some statistics of the considered quay.

3.2 Control variables


If our problem is to decide the optimal time of investment for the quays W or NS, as well as the percentage of public financing for the quay Ns, we will need some control variables:

Given a fixed moment of time ( and a given scenario obtained as we explained before, if it is possible to choose, among a finite number of dates, the time to invest, and at the end of the period there exists the decision to abandon the construction of a quay or both, and if it is also possible to choose among a range of percentage of investment public/private, the project can be considered as a choice problem between various investment projects, each one with a specific investment date and with a specific discount net cash flows function. This function is a function of the traffics of good and it includes a penalty in the returns because the construction delay can affect the decision of the port users to steer the good traffic to other ports. We modelize the percentages and the range of date to choose through the so-called control variables:

· Let’s assume for quay W there exists l possible date of investment denoted by 
[image: image10.wmf], j=0,1,…,l where j=0 represents de current time. 
[image: image11.wmf] will represent not to build the quay.

· Let’s assume for quay NS there exists k possible date of investment denoted by 
[image: image12.wmf], k=0,1,…,l where k=0 represents de current time. 
[image: image13.wmf] will represent not to build the quay.

·  Let’s assume NS admits a percentage of private financing,  PF({0%,25%,50%,75%}.

For each moment of time (, C(, will denote the set of all the possible combinations of the control variables.

Given a moment of time (, fixed a scenario 
[image: image14.wmf] as initial hypothesis, given a 
[image: image15.wmf] C(, as the time of investment for each of the quays and the percentage of private financing, for each path s we define its SNPV
 as the expectation of the NPV associated to the simulations obtained from it (we have described the calculation of the NPV(
[image: image16.wmf],
[image: image17.wmf],
[image: image18.wmf],PF) in 3.1 and Appendix 1):
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Then, we could give as definition of Stochastic Net Present Value associated to the scenario 
[image: image20.wmf] 


[image: image21.wmf]
On the other hand, as we know the probability associated to each scenario at time (, we can calculate

E{SNPV(
[image: image22.wmf] ,
[image: image23.wmf],
[image: image24.wmf],PF)}

so, to obtain the optimal time of investment and the percentage of financing public/private we could evaluate the (j,  (k and PF (it will depend on the managers’ goals as we have said before) such that


[image: image25.wmf]
3.3 Risk measures and optimal investment time.

Given a fixed 
[image: image26.wmf]C(, from the probability distribution associated to 
[image: image27.wmf], it is possible to deduce profitability measures:

· The expected value 
[image: image28.wmf] = 
[image: image29.wmf] used by us to classify the scenarios as favorable (
[image: image30.wmf]>0) and unfavorable (
[image: image31.wmf]<0).

· A risk measure to consider could be, even in a favorable scenario, the specific characteristics of the probability distribution on 
[image: image32.wmf]. For instance, we will call a scenario with standard deviation or probability of negative samples of 
[image: image33.wmf] (that will measure the percentage of negative net flows for the scenario 
[image: image34.wmf]) too high as risky favorable scenario. And this can be done for each scenario in a given moment of time (.
· As another risk measure it can be considered the percentage of unfavorable scenarios, i.e., the probability  
[image: image35.wmf]  for a given data. 

· If the probability corresponding to the given scenario 
[image: image36.wmf] is associated to each 
[image: image37.wmf]= 
[image: image38.wmf] we obtain a probability distribution and it is possible to calculate

[image: image39.wmf]=
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with respect to it. 
[image: image41.wmf] measures the profitability of the quays which begin to work at the moment (, (j, (k, when the scenarios have been constructed, and for which there is no doubt about its construction. The following picture shows one of these probability distributions made by simulation

[image: image100.wmf] 
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· In order to check the risky favorable scenarios it is convenient to draw the standard deviation of functions 
[image: image42.wmf] obtained from all the used scenarios, as well as the corresponding probabilities of negative realization of 
[image: image43.wmf]. In this way we can observe the behavior of all the scenarios with respect to the named risky estimators.

As we have seen in 3.2, if the problem consists in deciding, among a set of date, which is the optimal to build a quay, this problem could be faced as a choice among different alternative projects, each one with a possible investment date and with a specific net cash flows function. This function will depend on the traffic of goods, and it will incorporate a penalty in the returns because of the delay in the construction. This is due to the fact that the delay in the construction could affect negatively the current o future users, who could decide to abandon the port and steer their boats to another port. So, there exists, in the intermediate date, the option to delay, and in the last date two possibilities: to invest without option if there exists the commitment of building (social need of the public work), or to abandon the project if the commitment does not exist

Given an intermediate date inside the range of dates among which it is possible to begin the investment, and given an scenario for this date (constructed as it has been shown before), we introduce the corresponding delay penalty in the cash flow function and we calculate 
[image: image44.wmf]= 
[image: image45.wmf] as before. This value can be negative if the scenario is unfavorable. 

Once we focus on an specific dock, we will consider as our choosing rule of the optimal investment time the following: the optimal investment time is the time such that the expected value of the flows function associated with it is the maximum among the expected values of the functions associated with the rest of possible times:

[image: image46.wmf]

As a simplified example of the previous theory we have considered the case of only one quay and ten possible dates of investment (the data considered have been taken from [AP99]). The following pictures show the variation of the SNPV for a given scenario, as well as the probability variation of unfavorable scenarios through the considered time.
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The search of this maximum is not an easy job; it depends on the control variables number. If this number is big we will need to use some suitable mathematical tools as, for example, Heuristic Methods [CCJOP02].
Another criteria could be considered if any of the risk measures defined above are considered or another criteria of optimal time are proposed. This approach would bring us to a problem of optimum with constraints, where the constraints are given by the tolerated risk.

Also the managers of the project could introduce social criteria if we consider that a port project can have other goals that the strictly monetary.

The methodology described above allows us to valuate each project of building a new quay, and it supplies the port managers with tools to decide the optimal investment time. This methodology combined in the suitable way would also provide the value of the project as a whole. 

3.4 Real Options


If we want to valuate the investment opportunity, that is, to add the flexibility value to our SNPV the problem can be considered as an American call option about the project where:

· In our problem, the option valuation cannot The underlying are the current and future cash flows obtained in the K years of lifespan of the project. 

· The option gives us the right to receive the cash flows.

· The exercise date is the limit time when we can invest (T years from the starting time)

· The exercise price is the investment cost I.

be calculated by a portfolio replication due to the impossibility to find assets perfectly correlated with the cash flows. We valuate the option through a decision tree where each node is one of the generated scenarios. In each node of the tree we have determined the SNPV (as in the previous paragraph). This value together with the flexibility provides the investment opportunity value, i.e., the extended NPV (NPVE) in each node:

1. Option value at date T (exercise date):  NPVE(
[image: image47.wmf]) = max[SNPV(
[image: image48.wmf]),0]

2. To valuate the option in a previous date ((<T) requires taken into account the dynamic optimization under uncertainty which divides the process in two parts:

a. The immediate decision of investing.

b. A function, which encapsulates the consequences of the following decisions to the current moment. The result of the future optimal decision is what is known as expected continuation value (CV) (see Appendix 2)

So, for each scenario at time (, 
[image: image49.wmf], i({1,2,…,qr}

· If we invest we receive el SNPV associated to the scenario


[image: image50.wmf]
· If we delay we receive the CV (Appendix 2) discounted at date ( (one period)

In this case the option value is given by  

NPVE(
[image: image51.wmf]) = max 
[image: image52.wmf]
       being r the discount rate.
4. Implementation and trials

The Sagunto Port Authority has begun the valuation of the described project by means of the tradicional New Present Value method. In particular, they have valuated the construction of the New North Dock obtaining a unique value to base their decision on. 

We have applied the method described previously to the same New North Dock obtaining a huge range of results  which can be used by the managers in order to take their decision.

For the given dock, in order to apply the proposed method we have considered the following data: 

· Quay characteristics: it will be a quay with six (q=6) different kinds of traffic (state variables) 

· 500 simulations (N=500) for each state variable Ni have been run. The six stochastic processes that modelize the traffic are independent and follow a mean reversion stochastic process whose parameters have been adjusted according to the available time series and the project manager’s expectations.

· For each Ni, a histogram with seven cuts (r=7), associated to the above sample, is built. This histogram supplies a probability distribution associated to each of the state variable Ni at time (j.
· We build a space of 6-dimensional arrays (scenario at time (j) by making the Cartesian product of the representative’s values of the classes of the 6 histograms. This space is the scenarios space 
[image: image53.wmf] at time (j. The scenarios space in each time has about one hundred thousand elements (rq=76)

· The probability of each element of the scenarios space is the product of the probabilities of its components. In this way we have a probability distribution associated to the scenarios space (((j). 

· Each element of the scenarios space at time (, 
[image: image54.wmf], is a starting point to simulate new paths for the traffic of goods during the next twenty-five years (K=25, the considered lifespan of the new quay). With these paths we will calculate their corresponding NPV(
[image: image55.wmf]), which allow us, through a new histogram, to construct a probability distribution ((
[image: image56.wmf]) associated to the given scenario 
[image: image57.wmf], and then we obtain its corresponding expected value

[image: image58.wmf]
This value can be understood as the expected project return when the given scenario takes place. In this way we have one hundred thousand expected project returns, each one with a frequency probability associated (the one associated with its corresponding scenario)

Trials

We have run the control problem stated in 3.2., when 
[image: image59.wmf]and 
[image: image60.wmf]vary between 2007 and 2012, this is, T=7 possible investment times, being (j = 2005, 2006, …, 2012 and the private percentage can be F({0%,25%,50%,75%}.

The sum of the expected cash flows function for each pair of date as starting point of the activity of quays W and NS, if F=0%, reaches an optimal when the starting date for quay W is 2011 and NS 2007 and the no-exercise investment probability is 54.76% (obtained as maximum of the no-investment probabilities corresponding to quays W and NS)

If we repeat the process for F=25% the optimal is reached for the same pair of dates, but the sum of the expected cash flows is lower to the previous one. The same thing occurs when F=50%.

The following picture shows the obtained results for F=75%. The pair of date is the same but the sum of the expected cash flows is the biggest. So, we would decide to invest in these date with a percentage of 75% private financing.

[image: image105.wmf][image: image106.wmf]
The New North Dock value obtained by us increases around a 30% the value obtained by the Port Authority with the NPV method. This results agrees with the Real Options Theory introduced above.

5. Conclusions

The main contribution of this work is a new algorithm which, designed to use the Real Options Theory, allows us to value an investment project on harbour infrastructures capturing all the complexity intrinsic to this type of projects and the optionality inherent to them, with multiple state and control variables, complex cash flow functions and multiple exercise dates, solving at the same time the decision problem involved. 

Opposite the traditional NPV methods that allow obtaining a single value, given the manager expectative that is considered fixed through all the time, our method allows 

1. Take into account a huge range of “possible” expectative.

2. Take into account the optionality that adds the new information available as time is going on.

This new information is included in the process of obtaining new results.

3. To obtain a probability distribution of values, not only a single one.

4. The probability distribution supplies to the managers with various risk measures that can help them in their decision.

5. With all the above results is possible to obtain a value for the project. 
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Appendix 1: Stochastic Net Present Value

If we consider a lifespan of the quay of K years, for each scenario e( at time ( we can calculate the associated Stochastic Net Present Value by computing the expected net cash flows (function of the state variables) for the K years. For this, we use, once again, Monte Carlo Simulation to obtain the new stochastic paths of the traffic of goods, by considering now, the given scenario e( as the starting point.

We calculate the associated NPV, given the cash flows obtained from the simulated paths, and discounted to the neutral risk rate (this is the Port Authority assumption). The formula for the discounted cash flows is the discretization of


[image: image61.wmf]
where 
[image: image62.wmf] is the net cash flow corresponding to time ( and to the given path (s).

From Monte Carlo we obtain the SNPV associated to the scenario SNPV(e(). The sum of the SNPV obtained for each scenario, weighted with its corresponding probability, allows us to obtain the expected value of the considered quay, as well as its main statistics.

Appendix 2: Continuation Value

The continuation value of a given scenario 
[image: image63.wmf] at time (, VC(
[image: image64.wmf]) is calculated as follows:
Taken this scenario as initial conditions and using Monte Carlo we get M state variables’ samples of m-dimensional arrays at date(j+1

[image: image65.wmf]
The set of these samples belongs to the scenarios’ set in (+1, L(+1, and we will denote it as


[image: image66.wmf]= 
[image: image67.wmf]  

Let 
[image: image68.wmf]  be a finite and disjoint partition of L(+1, in m-dimensional cubes. For each  
[image: image69.wmf] with u = 1, ..., M  there exists a cube such that 
[image: image70.wmf]
[image: image71.wmf] 
[image: image72.wmf] using the Euclidean norm.

We denote by  
[image: image73.wmf], u({1, …, M}  the array representative of the corresponding cube. These arrays belong to the scenarios’ space 
[image: image74.wmf].

We define the application (: 
[image: image75.wmf]( 
[image: image76.wmf] which applies each path array with the corresponding (as above) scenarios class representative.

The  card (((
[image: image77.wmf])) = H  is the number of different scenarios in 
[image: image78.wmf] related with the samples in 
[image: image79.wmf]. So, for each  
[image: image80.wmf]( ((
[image: image81.wmf]), v = 1, ..., H,  ( (1(
[image: image82.wmf])  contains the samples in 
[image: image83.wmf] related with  
[image: image84.wmf].
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The continuation value is an expectation value of the options appeared in the following moment of time as consequence of the decision of no investment in the current time.
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�  We are introducing the control variables but  we will maintain the same notation given in Appendix 1 
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Unfavorable scenarios. Their probability through the time
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SNPV(e() variation through the time
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